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We investigate the transition from incoherence to global collective motion in a three dimensional
swarming model of agents with helical trajectories, subject to noise and global coupling. Without
noise this model was recently proposed as a generalization of the Kuramoto model and it was found,
that alignment of the velocities occurs for arbitrary small attractive coupling. Adding noise to the
system resolves this singular limit. The transition occurs continuously at a positive critical coupling
strength.
Helical motion is a common form of movement in
active particles, e.g micro swimmers using flagella
for propulsion [1, 2]. It facilitates chemotaxis even
for small particles. Oscillating in circles much larger
than the body size, biological swarmers can detect
chemical gradients and adapt their translational motion
accordingly. When such self-propelled particles interact
their velocities can align resulting in a directed collective
motion [3–5]. In addition to directional alignment, phase
synchronization may also be possible resulting in global
coherent oscillations.
Despite its simple formulation the Vicsek model of
swarming particles displays a variety of dynamical
regimes [6, 7]. Its basic approximation is that active
particles in a viscous medium move at velocities vˆ with
constant (unit) amplitude and only adapt their direction
through interaction with neighboring particles. Extend-
ing the Vicsek model in three dimensions with individual
rotation axes ωˆ for the particle velocities gives an equally
simple model which allows some analytical treatment.
The noise free case with heterogenous frequencies has
recently been proposed as a special case of a generalized
Kuramoto model [8]. Watanabe-Strogatz theory [9] and
the Ott-Antonsen ansatz [10] for the mean field of noise
free oscillators have been shown to generalize to higher
dimensions [11, 12] as well. However, as a ubiquitous
influence in nature, noise plays an important role in
the dynamics of the colletive motion. In this letter we
perform the stability analysis of the incoherent velocity
distribution under the influence of noise and connect
these results to the noise free case discussed in [8] as
well as the rotation free case of the globaly coupled
Vicsek model. Some analytic expressions for the critical
coupling strength in an equivalent mechanical model of
random rotating tops subject to noise have been given
in [13] without detailing the derivation. In contrast, we
derive a general dispersion relation (21) for arbitrary
independent distributions of frequency amplitudes and
directions.
In three dimensions the dynamics of individual particle
velocities vˆi = x˙i (i = 1 . . . N) can be expressed by a
cross product
˙ˆvi = µi × vˆi, (1)
i.e. forces acting perpendicular to the velocities, ensur-
ing that the amplitudes remain constant. Throughout
the text we denote vectors by bold symbols and mark
unit vectors, such as vˆ with hats. Symbols subscripted
with x, y and z denote vector components in cartesian
coordinates. The torque µi can be any time-dependent
global or individual forcing. We assume it is the sum of
a constant rotation bias of amplitude ω around an axis
in the direction ωˆ, an alignment force rotating vˆ towards
a vector ρ and a noise component ξ
µi = ωiωˆi +K (vˆi × ρi) + ξi. (2)
Here K is a coupling strength which, when it is positive,
promotes alignment of the units with ρ, i.e. synchronized
collective motion, and ξi is a vector of independent Gaus-
sian white noise 〈(ξi)n(t)(ξj)m(t′)〉 = 2Dδijδmnδ(t− t′).
In the Vicsek model the constant rotation bias (ωωˆ)
is zero and the vector ρi is the average velocity of all
particles within a distance R from the ith particle. As
a result of the competition between attractive coupling
and noise, there exists a critical coupling strength Kcr,
at which the incoherent state loses stability. When
the radius is taken to be infinite the coupling becomes
global, i.e. ρ = v¯ = 1N
∑
i vˆi. In the thermodynamic
limit N → ∞ the system can be described by a family
of smooth densities f(vˆ, ωˆ, ω, t) for the velocities of
particles with given frequency. These densities obey the
Fokker-Planck equation
∂tf +∇s · (fa) = D∇2sf, (3)
where ∇s is the vector differential operator along the
surface of a unit sphere acting on the argument vˆ and
a = ωωˆ × vˆ + K (ρ− (ρ · vˆ)vˆ) is the deterministic part
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2of the force acting on a particle with velocity vˆ and ro-
tation bias ωωˆ. In this letter we assume that the ampli-
tudes ω and the directions ωˆ of the frequency bias are
random and independently distributed according to the
probability densities g(ω) and G(ωˆ), respectively. The
order parameter ρ is the expected value
ρ =
∫ ∞
−∞
dω g(ω)
∫
S1
r(ωˆ, ω)G(ωˆ) |dωˆ| (4)
of the frequency dependent mean fields
r(ωˆ, ω) =
∫
S1
vˆf(vˆ, ωˆ, ω, t) |dvˆ|. (5)
Without oscillations, i.e. g(ω) = δ(ω) in a globally cou-
pled Vicsek model, the stationary solution of the Fokker-
Planck equation can be found analytically. The station-
ary solution is current-free which amounts to a detailed
balance condition
fa = f ·K(ρ− (ρ · vˆ)vˆ) = D∇sf. (6)
Without loss of generality, we set ρ = ρzˆ and multiply
both sides of Eq. (6) by zˆ. The resulting one dimensional
differential equation for the rotational symmetric density
has the Boltzmann-type solution
f(θ, φ) = f(θ) =
Kρ
4piD sinh
(
Kρ
D
) exp(Kρ
D
cos θ
)
. (7)
Here θ, φ are polar angles defining the direction of
the vector vˆ. For this density Eq. (4) gives the self-
consistency condition
|ρ| = ρ = coth
(
Kρ
D
)
− D
Kρ
. (8)
Denoting x = KρD the system state has the parametric
form ρ = cothx − 1/x and K/D = x2/(x cothx − 1)
with 0 < x < ∞ between the transition point at x → 0,
where ρ → 0 and the noise free limit x → ∞, where
ρ→ 1. These analytic expressions are in agreement with
direct simulations of Eqs. (1-2), as depicted in Fig. 1(a).
Expanding Eq. (8) to the third oder in ρ we obtain
ρ ≈ Kρ
3D
− K
3ρ3
45D3
, or ρ ≈
√
15D2(K − 3D)
K3
, (9)
i.e. the globally coupled Vicsek model has a continuous
transition at K = 3D with square root critical exponent.
In the presence of individual rotation biases, the
model described by Eq. (1) and (2) is a noisy version of
the recently proposed three dimensional generalization
of the Kuramoto model [8]. Indeed, in two dimensions
the connection between the Vicsek model and the
Kuramoto model has been made explicit [14, 15]. The
three dimensional Kuramoto model without noise was
discussed as a swarming model in [8]. Strikingly and in
stark contrast to the classical Kuramoto model, despite
heterogeneous frequency amplitudes and directions,
which were described in [8] as imperfections that make
individuals deviate from ideally straight lines, global
coupling leads to a finite translational collective motion
for arbitrary small coupling strength, when all oscilla-
tions cease as the velocities settle at well defined fixed
points. Frequency heterogenity is not sufficient to pre-
vent velocity alignment. On the other hand, considering
random perturbations of the torque in form of Gaussian
white noise stabilizes the incoherent state, much as in the
classical Kuramoto model, and a transition to collective
motion occurs at finite coupling strength. In Fig. 1 (a)
we show the mean velocity as a function of the relative
noise strength D/K for an isotropic distribution of
rotation axes G(ωˆ) = 1/(4pi) and Lorentzian frequency
distributions g(ω) = γpi (ω
2 + γ2)−1 with mean frequency
zero. Depending on the ratio γ/K a stationary mean
field bifurcates from ρ = 0 at a critical value of (D/K)cr,
which the linear stability analysis in this letter can
predict. This bifurcation point on the horizontal axis is
connected to a point on the vertical axis in the noise free
limit discussed in[8]. The existence of a critical ratio
(D/K)cr for the transition from incoherence to coher-
ence means that the noise free limit D → 0 is singular
as the critical coupling strength also goes to zero. In
Fig. 1 (a) we show two examples, a very homogeneous
frequency distribution with γ/K = 0.02, very close to
the rotation free case of the globally coupled Vicsek
model, and a very heterogeneous frequency distribution
with γ/K = 10. Here the incoherent state, where the
mean velocity is zero, is stable for even lower ratios
of D/K. For D = 0 the mean velocity in the limit
γ/K → ∞ is ρ = 0.5 corresponding to the limit K → 0
as predicted in [8].
In the following we analyse the stability of such a
state with incoherent velocity distribution. According to
the derivation in [8] the Fokker-Planck equation (3) can
be rewritten as
∂f
∂t
+K(∇sf −2f vˆ) ·ρ+(ωωˆ× vˆ) ·∇sf = D∇2sf. (10)
Substituting the ansatz f = (4pi)−1 + η(vˆ, ωˆ, ω)est for a
small perturbation to the uniform incoherent distribution
f0 = (4pi)
−1 into Eq. (10) and assuming without loss of
generality ωˆ = zˆ we obtain to the linear order in ρ and
η the equation
2K(ρ · vˆ)(4pi)−1 = ω ∂
∂φ
η(θ, φ, ω, t)
+ sη(θ, φ, ω, t)−D∇2sη(θ, φ, ω, t) .
(11)
In oder to solve Eq. (11) we express vˆ and η(θ, φ, ω, t) in
terms of bi-orthonormal spherical harmonics Y ml (θ, φ)
η(θ, φ, ω, t) =
∞∑
l=0
l∑
m=−l
bml (ω, t)Y
m
l . (12)
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FIG. 1: (a) Amplitude of the (stationary) mean velocity as
a function of the ratio D/K. Shown are the experimentally
measured mean velocity in simulations for γ/K = 0.02(red
circles) and for γ/K = 10 (blue crosses) of N = 4 × 104
velocity vectors, the parametric analytic solution of the glob-
ally coupled Vicsek model (solid line) and the critical ratio
(D/K)cr for the example with γ/K = 10 (dashed vertical
line). (b) Amplitude of the (periodic) mean velocity in the
noisy, three dimensional generalized Kuramoto model with
D = 0.2, rotation vectors ωˆ uniformly distributed on the up-
per half sphere, Lorentzian distribution of natural frequencies
with mean ω0 = 2.0 and width γ = 0.05. Shown are forward
(blue triangle) and backward (red circle) sweeps of coupling
strength K demonstrating a supercritical bifurcation and the
critical coupling strength (dashed line) for these parameters
obtained from our analysis. (c) Lines of zero real part (bold)
and zero imaginary part (light) of the determinant (21) as
function of coupling strength K and mode frequency Ω. The
nonzero frequency Ωcr ≈ 1.95 of the unstable mode with the
smallest coupling strength Kc ≈ 1.149 signifies a Hopf bifur-
cation from the incoherent state. (d) Time series of the x, y
and z mean velocity components from N = 4× 104 uniformly
distributed initial velocities at K = 1.6 demonstrating a uni-
formly rotating mean field in the xy-plane. (e) Snapshot of
the velocities (small dots) and the mean velocity (large cir-
cle) in a Mercator equal-area projection of the unit sphere.
(f) Trajectories of 100 particles (final position marked with
black circles) with synchronized helical motion. The center
of mass (bold circular line in the center) is rotating while the
particles diffuse outwards.
On the surface of the sphere the action of the diffusion
term reduces to ∇2sY ml (θ, φ) = −l(l + 1)Y ml (θ, φ). Sub-
stituting this expansion into Eq. (11), we obtain a linear
system of equations for the coefficients bml
1√
6pi
K
(√
2ρzY
0
1 + (ρx + iρy)Y
−1
1 − (ρx − iρy)Y 11
)
=
∞∑
l=0
l∑
m=−l
bml [s+ imω +Dl(l + 1)]Y
m
l (θ, φ)
(13)
which can be solved using the orthonormality of the
spherical harmonics. Since the l.h.s. only depends on
Y ml with l = 1 the components b
m
l with l > 1 decay ex-
ponentially at rates Dl(l + 1). For l = 1 the coefficients
b01, b
−1
1 and b
1
1 are calculated resulting in the general form
η(θ, φ, ω, t) =
√
1
3pi
Kρz
s+ 2D
Y 01 +
√
1
6pi
K(ρx + iρy)
s+ 2D − iω Y
−1
1
−
√
1
6pi
K(ρx − iρy)
s+ 2D + iω
Y 11
(14)
of an unstable mode. Integrating vˆη over the surface of
the sphere, using again the orthonormality of the spher-
ical harmonics we obtain the frequency dependent mean
fields to linear order
r =
∫
S1
vˆη(θ, φ, ω, t)|dvˆ| = 2K
3
ρxλ−ρyωλ2+ω2ρyλ+ρxω
λ2+ω2
ρz
λ ,
 (15)
where λ = s+2D. According to the convention above, ωˆ
is directed along zˆ while the direction of ρ is arbitrary.
However, expression (15) can be rewritten in a covariant
form, allowing for arbitrary directions of ρ and ωˆ
r =
2K
3
[
λρ
λ2 + ω2
+
ωωˆ × ρ
λ2 + ω2
+
(
1
λ
− λ
λ2 + ω2
)
ωˆ (ωˆ · ρ)
]
.
(16)
Finally defining the averages
h1 =
∞∫
−∞
λ
λ2 + ω2
g(ω)dω, h2 =
∞∫
−∞
ω
λ2 + ω2
g(ω)dω,
(17)
and h3 =
1
λ − h1, the antisymmetric matrix Ξ with
Ξij =
∫
S1
∑
k
εijkωˆk G(ωˆ)|dωˆ| (18)
where εijk is the Levi-Civita symbol, and the frequency
direction covariance matrix W with
Wij =
∫
S1
ωˆiωˆj G(ωˆ)|dωˆ| (19)
we can express ρ from (4) and (16) self-consistently as
ρ =
2K
3
[h11 + h2Ξ + h3W]ρ. (20)
The real part of the exponent s = λ−2D for any mode ρ
matching this eigenvalue equation gives the growth rate
4of that mode. The eigenvalue problem (20) has a non
trivial solution if the dispersion relation
det
[
2K
3
(h11 + h2Ξ + h3W)− 1
]
= 0 (21)
holds. Both, the real and the imaginary part of the de-
terminant on the l.h.s. must be zero which at criticality
where s = iΩ and other system parameters fixed, oc-
curs for a discrete set of points (Kl,Ωl). At the small-
est coupling strength Kcr = minlKl the incoherent state
loses stability and a nonzero mean field with frequency
Ωc emerges. For any critical mode with (Kl,Ωl) the
mode with (Kl,−Ωl) is also critical. Moreover, there
is always at least one solution (Kl,Ωl = 0) since the
determinant is a cubic polynomial in K with real coef-
ficients when Ω = 0. A nonzero frequency Ωcr at the
bifurcation indicates the formation of a rotating velocity
mean field, i.e. coherent oscillations, whereas Ωcr = 0
indicates a stationary mean field, i.e. a directed cen-
ter of mass motion of the swarm. For an isotropic or
axial symmetric distribution G(ωˆ) the matrix can be-
come reducible and the determinant a product of lin-
ear or quadratic functions in K. With zˆ-axial symmetry
of frequency directions the matrix W is diagonal with〈
ωˆ2z
〉
G
= σ2z ,
〈
ωˆ2x
〉
G
=
〈
ω2y
〉
G
= σ2xy and Matrix Ξ has
only ±µz = ±〈ωˆz〉G as nonzero entries. Then the matrix
determinant is a product of two factors so that one of the
two equations
0 = h1 + σ
2
zh3 −
3
2K
(22)
0 =
(
h1 + σ
2
xyh3 −
3
2K
)2
+ µ2zh
2
2 (23)
must hold. If h2µz is zero, the numbers of left and right
rotating oscillators around each rotation axis are equal
and we can immediately find the solutions with Ω = 0 as
K =
3
2
1
σ2h3 + h1
∣∣∣∣
λ=2D
(24)
and σ2 = σ2z for Eq.(22) and σ
2 = σ2xy for Eq. (23). With
Lorentzian frequency distribution g(ω) = 1pi
γ
(ω−ω0)2+γ2
the integrals (17) can directly be evaluated
h1 =
λ+ γ
(λ+ γ)
2
+ ω20
, h2 =
ω0
(λ+ γ)2 + ω20
. (25)
In this case and when h2µz is zero one can show, by in-
specting the imaginary part of the l.h.s. in Eq. (24) with
λ = 2D+ iΩ, that no oscillatory instabilities with Ω 6= 0
exist. Then Eq.(24) with a delta distribution of frequen-
cies ω = ω0, i.e. γ = 0, gives the exact same result as
[13]. On the other hand, when chiral symmetry is bro-
ken h2µz 6= 0 oscillatory instabilities may be expected,
leading to a partial phase synchrony of the helical tra-
jectories. Indeed, below we show an example where the
incoherent state becomes unstable in a Hopf bifurcation.
In contrast to the two dimensional Kuramoto model, the
critical coupling strength goes to zero when D goes to
zero regardless of the frequency distribution. This follows
from a rescaling of time in units of the inverse coupling
strength 1/K. Then the transition to synchrony occurs
at a fixed critical ratio (D/K)cr.
In Fig.1 (b)-(f) we show a non-trivial, axial sym-
metric example with noise strength D = 0.2, where
at the critical coupling strength an oscillating mean
field emerges from a Hopf-bifurcation of the incoherent
state. Right handed helicity is introduced by a uniform
distribution G(ωˆ) on the upper half sphere and a narrow
Lorentzian frequency amplitude distribution g(ω) with
mean value ω0 = 2.0 and scale factor γ = 0.05. The
corresponding averages of the frequency directions are
σ2xy = σ
2
z = 1/3 and µz = 1/2. In direct simulations we
observe a second-order (continuous) transition without
hysteresis, as shown in Fig.1 (b). The zeros of (21) are
shown in Fig. 1 (c). Two solutions of (22), (23) have the
smallest coupling strength Kc ≈ 1.149 at a frequency
Ωc ≈ ±1.95, in agreement with the simulation in Fig.1
(b). We also find that the transition is supercritical
Hopf with a mean field of constant amplitude rotating
in the xy-plane (Fig. 1 (d), (e)). The collective motion
of a swarm with these velocites, i.e. the center of mass
is rotating in a stationary circle wheras the positions of
the particles are diffusing away from the center (Fig. 1
(f)).
In conclusion, we have investigated velocity alignment
and frequency synchronization in a three dimensional
swarming model with helical trajectories. We have found
analytic expressions for the exact velocity distribution
in the globally coupled Vicsek model (8) and for the
critical coupling strength (21) where the incoherent state
loses stability and collective coherent motion occurs.
When the velocities are subject to noise a second-order
transition is observed in direct simulations, in contrast to
a discontinuous transition reported in the deterministic
case [8].
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